GIRRAWEEN HIGH SCHOOL
MATHEMATICS EXTENSION 2 TASK 1
December 2008
Instructions: |
*Write all solutions on YOUr Own paper.
*Show all necessary working.
*Marks may be deducted for careless or badly arranged work.
*Approved scientiﬁc calculators may. be used.
' Time allowed: 90 minutes.
Question 1 7 Marks
Given z=1~4i and w=-2+5i find in Cartesian ('i + iy ) form:

(a) z+w

®)z

© =
w

(d) w*

(&) zw

Question 2 9 Marks
Given z=1+iv3 and w=1+1i

(a) Find zw in x+7y form.

(b) Convert z and w to modulus-argument form _
(c) Hence find zw in modulus-argument form and use this to find the

exact value of sin7—”.
12

Question 3 5 Marks

(a) Convert 1-i to mod/arg form.

(b) Hence find (1-7)" in x+iy form.



Question 4 7' Marks
. (2) Find all real numbers x and y such that v—5+12i = x +iy

(b) Hence (or otherwise) solve for z: z* +(2+i)z +(2-2i) = 0.

Question 5 10 Marks
Sketch these regions on separate Argand diagrams:
(2) [z -.2| <3
-7 %
— < drg(z+1) £ —
() 5~ <drg(z+1) 5
(c) 3< [z| <4 and Arg(z) >%

Z—Z

@

<3 and zz<5

Question 6 10 marks
(a) Find the Cartesian equations for the following loci:
@) |z+2-51=3

(i1) lz——1+2i|=|z+1+i|

(iii) Re(z - Si] =0

z+6

-(b) The locus Arg[z—_—i—) = % represents part of a circle
zZ+

(as shown). Find the centre and radius of the circle. Hence

write the locus of z in Cartesian form.

Y




Question 7 13 Marks

(a) z is an arbitrary complex nui:aber such that Izl =1

and 0 < Arg(z) < -g— Copy the diagram and sketch on it

(labelling clearly)
(@) iz 1 (i) -z
(if) z 1 V) 241

y

M

,
< > X
v

(b) For z in the diagram above (so ]zl =1)show that if Arg(z) =@

then Arg(z+1)= g (Hint: Use basic geometry!)
(¢) z, is an arbitrary point on the complei: ﬁlane.
z, is a point on the complex plane such that |z, =|z,]
2w
and Arg(z,)= 5 +Arg(z,) .

(1) Copy out the diagram below marking the points
21,25,y + 2, and z, — z,.

(i) Prove that |z, + z,| =|z,|.
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Question 8 4 Marks
Prove DeMoivre’s theorem Le. [(cos € +isin 9)]" = (cosn@ +isinnd) for all positive

mtegers »using the method of mathematical induction. In this proof you may NOT

assume that (cose +isina)x (cos f +isin ) = [(cos(o: + f) +isin(a + ,6’)] )

Question9 11 Marks

(a) If z=cos8 +isind prove

) z”-+-ln~=2<:osn6 ' 1
zZ

| . '

(i) z" ——=2isinnd 1
z

(b) By letting z = cos @ +isin § and expanding z° prove that

(i) sin50 =16sin° @ — 20sin® 6+ 5sind 3
({i) cos56 =16cos” @ —~20cos® &+ 5cosd 1
(iii) Using your workings for parts (i) and (ii) find 2

an expression for tan 56 .

(c) Prove that sin® g = 1_18 [sin 56 ~55in36 +10sin ] 3

Question 10 22 Marks
(a)(®) Solve the equation z° ~1=0 over thé complex field 2

leaving your solutions in mod/arg form.

(11) Find the area of the nonagon formed by joining the roots of 1
z° —1=0on the complex plane. Answer correct to 2 decimal places.

(b) Let W be the non real root of z° —1 = 0 with the smallest
positive argument.

(i) Show that w?,w®, w*, w®, w®, w",w® are the other 2.

‘nonreal roots of z° —1=0.

(i1) Show that w+w* +w® + w' + v’ +w® + w7 +w® = ~1. 2
(iii) Show that (w+ w®)(w? + " Y(w* +w’) = —1 2
(iv) Hence show that cos% oS %’E cc')sﬂ'—jr = -é 4

?7_. O ___‘7



SO8 RO Leaninccd).

(c)(d) Resolve z° ~1 into real linear and quadratic factors.
(Leave your quadratic factors in terms of cos &)

(ii) Hence show that cos%— + cosf{—j'E = 1

2

27 4z 1
and cos? COS— = ——

(i11) Hence find the exact value of cos?‘?ﬁ.
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